Abstract. We give a "zero curvature" proof of Dehn-Sommerville for finite simple graphs. It uses a parametrized Gauss-Bonnet formula telling that the curvature of the valuation G → f G (t) = 1 + f 0 t + · · · + f d t d+1 defined by the f -vector of G is the anti-derivative F of f evaluated on the unit sphere S(x). Gauss Bonnet is then parametrized, f G (t) = x F S(x) (t), and holds for all Whitney simplicial complexes G. The Gauss-Bonnet formula χ(G) = x K(x) for Euler characteristic χ(G) is the special case t = −1. Dehn-Sommerville is equivalent to the reflection symmetry
1. Gauss Bonnet 1.1. The category of finite abstract simplicial complexes G requires only one axiom: G is a set of non-empty sets closed under the operation of taking finite nonempty subsets. The f -vector of G is f = (f 0 , f 1 , . . . , f d ) of G, where f k is the set of sets in G with k + 1 elements. The f -function of G is f G (t) = 1 + d k=0 f k (G)t k . If G is the Whitney complex of a graph (V, E) the unit sphere S(x) for x ∈ V (G) is the unit sphere in that graph. For any G, let F G (t) = t 0 f G (s) ds denote the antiderivative of f G . The curvature valuation to f is the anti-derivative of f evaluated on the unit sphere:
Theorem 1 (Gauss-Bonnet). f G (t) = x∈G F S(x) (t).
Proof. If every k-simplex y in S(x) carries a charge t k+1 , then f G (t) is the total charge. Because every k-simplex y in S(x) defines a (k + 1)-simplex z in G, the simplex z in S(x) carries a charge t k+2 . It contains (k + 2) zero-dimensional points, which were simplices in G. Distributing the charge equally to the points, gives each a charge t k+2 /(k + 2). The curvature F S(x) (t) at x adds up all the charges of the simplices attached to x. There is code at the end allowing to experiment.
Date: 5/12/2019. 1991 Mathematics Subject Classification. 05Cxx, 05Exx, 68Rxx, 55U10, 57Mxx. where K(x) = F S(x) (−1) is the Levitt curvature, the discrete analogue of the GaussBonnet-Chern curvature in the continuum. An explicit formula for K(x) with f −1 = 1 is
It appeared first in [21] . For the continuum proof, see [5] .
1.3. By differentiation of Gauss-Bonnet with respect to t we get: f G (t) = x f S(x) (t).
For t = −1 in particular, this gives an identity seen in [18] . f G (−1) = x∈G 1 − χ(S(x)) which is a trace of the Green function operator g = L −1 with L xy = 1 if x ∩ y = ∅ and L xy = 0 else, where the diagonal entries are g(x, x) = 1 − χ(S(x)).
Dehn-Sommerville symmetry

Given a complex G, the h-function h
defining a h-vector (h 0 , h 1 , . . . , h d+1 ). The Dehn-Sommerville relations assert that the h-vector is palindromic, meaning that h i = h d+1−i for all i = 0, . . . , d + 1. Let us call a complex G DehnSommerville if the Dehn-Sommerville relations hold for G.
2.2.
For example, for the icosahedron complex G generated by the triangles {{1, 2, 5}, {1, 2, 6}, {1, 3, 4}, {1, 3, 5}, {1, 4, 6}, {2, 5, 9}, {2, 6, 1}, {2, 9, 10}, {3, 4, 8}, {3, 5, 11}, {3, 8, 11}, {4, 6, 12}, {4, 8, 12}, {5, 9, 11}, {6, 10, 12}, {7, 8, 11},{7, 8, 12}, {7, 9, 10},{7, 9, 11}, {7, 10, 12}}, with d = 2 and f G (t) = 1 + 12t + 30t 2 + 20t 3 we have h G (t) = 1+9t+9t 2 +1. The f-vector (12, 30, 20) defined the h-vector (1, 9, 9, 1). The graph is Dehn-Sommerville. The Whitney complex G 1 of the icosahedron has the f -vector (62, 180, 120) and h-vector (1, 59, 59, 1). As an other example, the Möbius strip G generated by {{1, 2, 5},{1, 5, 8}, {2, 3, 6}, {2, 5, 6}, {3, 4, 7}, {3, 6, 7}, {4, 5, 8}, {4, 7, 8}}, with f -vector (8, 16, 8) gets the h-vector (−1, 3, 5, 1) which is not palindromic. The Möbius strip is not Dehn-Sommerville. Manifolds with boundary in general are not Dehn-Sommerville. We will see that cohomology, orientability etc are irrelevant. The only thing which matters is the Eulercharacteristic of the complex as well as whether the unit spheres and unit spheres of unit spheres etc are Dehn-Sommerville.
The following result holds for any simplicial complex:
Theorem 2. The simplex generating function f G (t) of G satisfies the symmetry
Proof. The palindromic condition can be rephrased that the roots of the h-function h(t) = 1 + h 0 t + · · · + h d t d+1 are invariant under the involution x → 1/x. This is equivalent that the roots of f are invariant under the involution x → −1 − x and so to the symmetry f (−1 − t) = ±f (t) for the f -function. Proof. We have f G (0) = 1. The symmetry tells f (−1) = (−1)
2.5. For the zero-sphere S 0 = {{1}, {2}} we have f G (t) = 1 + 2t which satisfies
, we immediately see that the suspension S 0 + G of a Dehn-Sommerville complex is Dehn-Sommerville. More generally:
Corollary 2. If G and H are Dehn-Sommerville, then the join G + H is DehnSommerville.
2.6. While the join of a k-sphere and a l-sphere is always a k + l + 1-sphere, we in general do not get discrete manifolds, if we take the join of two discrete manifolds. The join can produce lots of examples of simplicial Dehn-Sommerville complexes which are not manifolds. 
As an affine space, it is isomorphic to 1 + a 0 t + a 1 t 2 + · · · + a d t d+1 which is the form of an f-function of a complex.
2.9. The linear unitary reflection T (f )(x) = f (−1 − x) on polynomials defines an involution on R d+1 . As an unitary reflection T 2 = Id, it has the eigenvalues 1 and −1 which by the spectral theorem of normal operators define an eigenbasis even so the algebraic multiplicities are larger than 1 for d > 1. In analogy toT (f )(x) = f (−x), we can call eigenfunctions of 1 even functions and eigenfunctions of −1 odd functions. 3 2.10. Any eigenvector V of A T defines a functional φ V on complexes. Most functionals φ V (G n ) explode when looking at Barycentric refinements G n of G. There is just one functional φ 1 which stays invariant and this is the Euler characteristic. Since the matrix A is upper triangular and A T lower triangular, the eigenbasis diagonalizing A is triangular too. We say an eigenvector is even if it has an odd number of non-zero entries.
Lemma 1. The eigenbasis of A is also an eigenbasis of T : even eigenvectors are eigenfunctions of T to the eigenvalue 1 and odd eigenvectors of A are eigenfunctions of T to the eigenvalue −1.
Proof. As the linear operators T and the Barycentric operation A commute. They therefore have the same eigenbasis.
2.11. We know from linear algebra that the eigenvectors V k of A T and the eigenvectors W k of A have the property that V k W l = c kl δ k,l meaning that if they are normalized, then they define dual coordinate systems. We think about eigenvectors of A T as functionals. Functionals in the even eigenspace of T are zero on even functions etc. This gives us convenient Dehn-Sommerville invariants: 2.12. This was Theorem (1) in [17] , where already the idea of proving DehnSommerville via curvature has appeared and multi-variate versions of Dehn-Sommerville were given, answering a open problem of Gruenbaum [6] from 1970. The current approach is much simpler. In multi-dimensions, the Dehn-Sommerville symmetry just has to hold for each of the variables appearing in the simplex generating function f (t 1 , · · · , f m ). The proof in higher dimensions is identical using Gauss-Bonnet.
2.13. For the next part, we assume that G can be realized as a graph like if G is the Barycentric refinement of an arbitrary complex. An edge refinement of a graph cuts an edge e = (a, b) into two by adding a new vertex c in the middle and connecting the new vertex to the intersection of spheres at a and b. More formally, we remove the edge (a, b), and adding new edges (a, c), (c, b) as well as
Edge refinements preserve discrete manifolds. More generally:
and e is an edge in G, then the edge refinement is in
Proof. The effect of the operation on the f -vector can be split into two parts. The first one is to increase f 0 and f 1 by 1 (which means adding t+t 
3. Remarks 3.1. For Dehn-Sommerville, see chapter nine in [7] 3.2. The Levitt curvature for Euler characteristic Formula (1) appeared in [21] . We have rediscovered that formula χ(G) = x K(x) in the introduction to [11] , an article which focused on geometric graphs (discrete manifolds). It surprises that higher dimensional curvature in the discrete is so elegant, especially if one compares to the continuum, where one has to refer to Pfaffians of curvature expressions to get to the general Gauss-Bonnet-Chern theorem (see [5] ). In the continuum, the Euler curvature is not even defined for odd-dimensional manifolds.
In the continuum, it is zero for odd-dimensional manifolds as we see here again as it is then a special case of the Dehn-Sommerville equations.
3.3. The Taylor expansion of the parametrized Gauss-Bonnet formula at t = 0 gives a generalized handshake formula f k (G) = x∈G V k−1 (S(x))/(k + 1) which by linearity produces Gauss-Bonnet formulas for any discrete valuation
and its anti derivative. The Gauss-Bonnet formula is the same. For example, for X(G) = v 1 (G), where f (t) = 1 + v 1 t 2 , the curvature is K(x) = deg(v)/2. Gauss-Bonnet is then Euler handshake formula, the fundamental theorem of graph theory. More generally, we have for
3.4. In [11] we first noticed experimentally that the curvature is zero for odddimensional geometric complexes but we could not prove it yet at that time. These zero curvature relations were later proven with discrete integro-geometric methods in [13, 14] by seeing curvature as an average of Poincaré-Hopf indices when integrating over all functions or colorings. The connection to Dehn-Sommerville emerged especially in the work about Wu characteristic [17] . So, Dehn-Sommerville conditions appeared for us three times independently: first as a zero curvature condition for odd-dimensional discrete manifolds, then as Barycentric invariants (eigenvectors of A T ), then as a symmetry for the roots of simplex generating function t → f G (t). In each case, we were unaware of the Dehn-sommerville connection at first. We hope that this note makes clear how all these concepts (curvature, Barycentric refinement and root symmetry) are related.
3.5. The classical Dehn-Sommerville valuations are We have mentioned before (like [19] that the curvature of
But it is less obvious there. The reason is the combinatorial identity
But it also implies that the Dehn-Sommerville curvatures are all zero for a geometric graph. Use Gauss-Bonnet and induction using the fact that the unit sphere of a geometric graph is geometric and that for d = 1, a geometric graph is a cyclic graph C n with n ≥ 4. For such a graph, the Dehn-Sommerville valuations are zero. 
is the multivariate simplex generating function. Here, f kl (G) is the f -matrix, counting the number of intersecting k-dimensional and l-dimensional simplices.
The curvature of Wu characteristic is then
and especially ω(G) = x∈G K(x), where K(x) is the Wu curvature. [16, 15] , an other angle to Dehn-Sommerville appeared. We first did not see the connection between Barycentric invariants and Dehn-Sommerville. The Barycentric refinement operator A d was first explored empirically by looking at the best linear operator implementing the map f (G) → f (G 1 ) (brute force data fitting with hundreds of random graphs) and were surprised that the fitting would lead to an exact formula. After getting the formula for A and proving it, we learned that it is "well known". It appears in [25, 22, 8] .
While investigating Barycentric limits
3.9. The value g(x, x) = 1 − χ((x)) is the Green function, the diagonal entries of the inverse g = L −1 of the unimodular connection matrix L defined as L(x, y) = 1 if x ∩ y = ∅ and L(x, y) = 0 else. The Green function entries g(x, y) are potential energy values between two simplices x, y. We called
the Hydrogen functional. 6 3.10. The energy theorem assures that the total potential energy x,y g(x, y) is the Euler characteristic χ(G), which is defined as the super trace str(L) =
x ω(x)L(x, x) and agrees with the super trace x ω(x)g(x, x) of g = L −1 . The entries ω(x)L(x, x) = (−1) dim(x0) and ω(x)g(x, x) are integers, the Poincaré-Hopf indices [12] of the function h(x) = dim(x) or h(x) = −dim(x) which are colorings of the graph Γ(G).
3.11. From the energy theorem and Gauss Bonnet we can express d/dt log(f G (t)) at t = −1 through the connection operator L. Let E be the matrix which has everywhere 1.
3.12. The involutive symmetry T (f ) = ±f (−1 − t) given by the Dehn-Sommerville condition implies root pairing for f . This article has started with such an observation. We noticed that for even-dimensional spheres, there is always root with Re(t) = −1/2 and that the roots are reflection symmetric with respect to t = −1/2. A simplicial complex is defined to be a d-sphere if every unit sphere is a (d − 1)-sphere and removing one vertex renders the complex contractible. This inductive definition is primed by the empty complex 0 being the (−1)-sphere. There are various operations which preserve d-spheres. We observe that for spheres the roots of f pair up to −1 in the odd-dimensional case and do so also in the even-dimensional case with the remaining roots.
3.13. There are simplicial complexes outside X which are Dehn-Sommerville. Similarly as zero Euler curvature implies zero Euler characteristic for even-dimensional manifolds, zero Euler characteristic does not necessarily mean zero curvature. The zero Dehn-Sommerville curvature condition is sufficient for the complex to be Dehn-Sommerville, but it is not necessary. There are complexes which are DehnSommerville, but which are not Dehn-Sommerville flat. We give an example in the illustration section. 4.3. The root pairing property was already mentioned in [20] . We found this while investigating the statistics of the simplex cardinality distribution in simplicial complexes. The root pairing statement is obviously true for 0-dimensional spheres. If a zero dimensional complex has n points, then the generating function of the f -vector is 1 + nt. This has a root −1/2 if and only the complex has exactly n = 2 point, which means that G has to be a 0-sphere. Let us also mention the (−1)-dimensional complex which is the empty complex. In that case, the function is f = 1 which has no roots. Root pairing still works, there are just no pairs.
4.4. For 1-dimensional complexes with n vertices and m edges, we have the generating function 1 + nt + mt 2 . The Euler characteristic is n − m = χ(G). The roots are −n ± √ −4m + n 2 )/(2m). The sum of the roots is −n/m. This is −1 if and only if n = m, meaning that we need χ(G) = 0. Beside circular complexes, there are many complexes like sun graphs for which n = m. We can attach arbitrary trees to the circular graph for example and still have the property. There is a sphere complex which is not the Whitney complex of a graph, which is G = {{1, 2}, {2, 3}, {3, 1}, {1}, {2}, {3}} where n = 3, m = 3 and where the roots become complex. We see confirmed here that roots are not real if and only if the complex is not the Whitney complex of a graph. 4.5. For 2-dimensional complexes the simplex generating function is 1 + nt + mt 2 + lt 3 , in order to have a root −1/2, we need n = (8 − l + 2m)/4. For a 2-manifold, we have 2m = 3l. The two equations give m = 3n − 6, l = 2n − 4 implying χ(G) = n − m + l = 2. Actually, for two dimensional complexes, the two equations 2m = 3l, χ(G) = n − m + l = 2 imply that f (−1/2) = 0. This in particular holds for two disjoint copies of the projective plane. 8
5.
Illustrations Figure 1 . The functions f G for the smallest spheres
. We then observed experimentally that all spheres satisfy the symmetry f (x) + (−1) d f (−1 − x) = 0, then linked it to Dehn-Sommerville. Figure 2 . If the faces are included to a cube graph we get a CWcomplex which models a discrete 2-sphere. Its generating function is f G (x) = 1 + 8x + 12x 2 + 6x 3 . It does not satisfy Dehn-Sommerville. It also has non-real roots. After Barycentric refinements however, the roots become real. We see f G 1 (x) = 1 + 26x + 60x 2 + 36x 3 and f G 2 (x) = 1+122x+336x 2 +216x 3 (we plotted f G 2 /2). The coefficients [122, 336, 216] are already aligned quite well with the Perron-Frobenius eigenvector [1, 3, 2] T to the Barycentric refinement operator A 2 in dimension 2 which defines a function having only real roots. In general we see that the Perron-Frobenius functions a 1 t + · · · + a n t d+1 for the Perron-Frobenius eigenvector to the (d + 1) × (d + 1) matrix A d always has only real roots. It looks like a simple calculus/linear algebra problem, but we can not prove this yet. It would imply that for sufficiently large Barycentric refinement of any CW complex and especially simplicial complexes, the roots of f Gn are real for large enough n. Figure 3. Also the dodecahedron (when seen as a CW-sphere and not a 1-dimensional graph, which it is when seen as a simplicial complex), has non-real roots for f G (t) = 1+20t+30t 2 +12t 3 . But here also f G 1 has non-real roots. Only f G 2 for the second Barycentric refinement G 2 starts to have real roots. As the Perron-Frobenius eigenvector produces a function f which satisfies the Dehn-Sommerville symmetry, we get roots for f Gn which are more and more symmetric. Also this was just observed experimentally at first. The linear algebra of the eigenvectors of the Barycentric refinement operators A d explains this. Indeed, as we show here, Dehn-Sommerville for complexes of the type X d is a manifestation for a symmetry one has in the Barycentric limit. Since the involutary symmetry (duality) in the limit has eigenvalues . Sun graphs are 1-dimensional complexes which satisfy Dehn-Sommerville, even-so they are only varieties, not manifolds. As they have the same number of vertices than edges, we have f (t) = 1 + nt + nt 2 which satisfies f (−1 − t) = f (t). It is an example of a 1-variety. A d-variety is a complex G for which all unit spheres are d − 1 varieties. Like manifolds, it starts with the induction that the empty complex is a −1 variety but unlike for manifolds, we do not insist that unit spheres are (d − 1)-spheres. In this example, f G (t) = 1 + 29t + 29t
2 . The roots −1/2 ± 25/116 are symmetric with respect to Re(t) = −1/2. We have Dehn-Sommerville symmetry. 
What happens is that the unit spheres do not satisfy Dehn-Sommerville. There are unit spheres which are a disjoint union of a 1-sphere and a point which does not satisfy Dehn-Sommerville. This means that the Dehn-Sommerville curvatures are not zero. The complex is not Dehn-Sommerville flat. . We see a random four sphere G. It is Dehn-Sommville of course. As for any even dimensional sphere, there is a root t = −1/2 for the simplex generating function f G (t). Figure 8 . We see the disjoint union of two projective planes. Any even dimensional manifold of Euler characteristic 2 satisfies the DehnSommerville condition. So also G = P 2 ∪ P 2 . We have f G (t) = (1 + 2x) * (1 + 28x + 28x
2 ). The Betti-vector is (b 0 , b 1 , b 2 ) = (2, 0, 0). Obviously, Poincaré duality is failing for G as G is non-orientable. Still, Dehn-Sommerville is intact. Figure 9 . We see the graph of f G (t) = 1+16t+106t 2 +180t 3 +90t 4 , where G is a Poincaré sphere complex with 16 zero-dimensional simplices, found in [3] . All 4 roots of f G are complex. As a 3-manifold with zero Euler characteristic, G must be Dehn-Sommerville. 
